Principle of Polyhedral mode!
— for loop opftimization
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Affine expression

e c,tc,v,+---+c v _,wherec,,c,, -, c are constants.

» Such expressions are informally known as
linear expressions.

 Strictly speaking, an affine expression is linear
only if ¢, Is zero.



lteration Spaces — Construct

for (1 =2; 1 <= 100; 1 = 1+3)
Z[i] = 0;

4

for (j = 0; j <= 32; j++)
Z[3%j+2] = 0;



Polygon space

for (1 = 0; 1 <= 5; i++)
for (j =1; j <= T; j++)
Z[j,i]1 = 0;

Figure 11.10: A 2-dimensional loop nest

j

Figure 11.11: The iteration space of Example 11.6
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Affine Accesses

ACCESS - AFFINE EXPRESSION
X[i-1] [1[1][”+[—1]
s | [ 0][E)]8
Y(j,j+1] 21 _;‘1[1’
Y(1,2] [0 olli]+]z2]

0 07 p 1
Z[1,i,2%i+j] l 1 0 [ ; ] +10
2 1 J 0

| ]

Figure 11.18: Some array accesses and their matrix-vector representations

A[i%,i*j]: is not linear and cannot be solved by Polyhedral.



Data Reuse

o Self vs Group

- Self: from the same access
- Group: from different accesses

 Temporal vs Spatial

- Temporal: same exact location
- Spatial: same cache line



Data Reuse

float Z[n] ;

for(i=0;i<n;i+t+)

forG=0;j<n;j++)
Zj+1]=(Z[j]1+Z[i+1]1+Z2[]j+2])/3;

group-temporal group-spatial

(0,0),(1,0) Z[j]: self-temporal
(0,0),(0,1) Z[j]: self-spatial

opportunities :
2 c 0 0 g
4n° accesses= bring in about n/c cache lines into the cache,
where c is the cache line size

n :self-temporal reuse, c: self-spatial locality,
4 : group reuse




Data reuse — Null space

Letiandi 'be two iterations that refer to the same array element.

Fi+f=Fi'+f :> (i—i" thg set of all solutions to the equation Fv = 0 is called the null space

Thus, two iterations refer to the same array element if the difference
of their loop-index vectors belongs to the null space of matrix F.

for (i=0;i<=m; i++) 1i+0:F{i'Ho}
for (J\:([:E i:+<1:];n;j++){ i | TN
) = il 5 A5

FPEHE e

Also, the null space is truly a vector space.
Thatis ,if Fv,=0 A Fv,=0,then F (v,+v,)=0AF(cv,)=0.

let v,= _01 AV,= g ’Fvlz[g 1][_01} V2= [ ] [ ]
)L ;]<{—()1]+[g}>=[g],z:<cvl>=[8 }Kc o= S




Data reuse — Null space

for (i = 0; i <= m; i++) {0 0 i+1:{0 o]r+1 for (i = 0; i <= m; i++)
for(=1;j<=n;j++) [0 Ofj] [2] [0 OJ "] |2 for (j = 1;j <=n; j++)
. Y[1, 2]; _)[0 0] i—i']_[0 YL
0 0Jlj—j'l |0
ACCESS AFFINE EXPRESSION RANK NULL- BASIsS OF
ITY NULL SPACE
X[i-1] [ 1 0][;]+[—1] 1 1 [?J
o (1 0 ][ 4 [ O
Y k] 0 l__j_+ 0 | 2 0
-~ 0 1] &7 [0 ] 1
Y(5,j+1] o wf g s 1 1 [a]
[0 o] e b | 0
] B o o5 ]t 2] 0 2 [0]?[1
0 07 ¢ .- (1
Z[1,i,2*i+j] 1 0 1+ o 2 0
2 1| tId o

Figure 11.19: Rank and nullity of affine accesses

Y[i+j+1,2i+2j] B ;H;Hé}

All j iterations
accesses to the same
array




Data Reuse —

Self-spatial Reuse

for (i=0;i<=m; i++)
for j =0; ) <=n; j++)
X[i, j] += Y[, i, 2*i+];

for j = 0; ] <=n; j++)
for (i=0;i<=m; i++)
X[i, j] += Y[, i, 2*i+];

P .

i

N — O

.o O.

0 i
) H
1
ollo take array elements to share a
0 L} cache line if they differ only in
the last dimension.
In null space

Ofr.
g

1
2
010
1)1

Not in null space



Data Reuse —

Self-Temporal Reuse

for (k = 1; k <= n; k++)

for (i = 1;i <= n; i++)
for (j=1;j<=n,j++){
out(1, i, j, All, j, i+]);

}

out(2, i, j, Ali+1, j, i+]);

I

~
[N
N

_ O

+

—_
N

o OO

_O M
R o= O
o O O
_ = O

o O O

J
k2

X —.
<

L=

-> One solution for vector v= ji—Js

[EN

k1_k2

0
0
1

, Null basis vector

_ O =
e =)
o o o

o

isv=

1
0
0

; thatis,i,=i,+1, j,=j,,andk,=k,

- k always put in inner most and consider other reuse,i, =i, +1, j,=j,



Data Reuse —
Self-Temporal Reuse

g o il ot 0 o1 ]
S 0 1 0fj,|*|0|=|0 1 0} j,|*|0
for (= 1;) <= n; j++) { 11 ollk,| 0] [1 1 o]k [0
Out(1, i, j, All, j, i+]]); '
Out(2, i, j, Ali+1, J, i+]]); iy, | 1
} -> One solution for vector v=| j —j, [isv=|0[; thatis,i;=i,+1, j,= j,,andk,=k,
k,—k, 0
100 0
for (i=1;i<=n;i++) F=|o 1 o]l,Nullbasisvector|g
for(j=1;j<=n;j++) 110 1

for (k =1; k <=n; k++) {
Oout(1, i, J, Afi, j, I+]]); \ - k always put in inner most and consider other reuse, i, =i,+1, j, = j,

out(2, i, j, Ali+1, j, i+]);

} Selftemporal reuse gives the most benefit:
a reference with a m-dimensional null space reuses the same data O(n")times.




Data Reuse —
Self-Temporal Reuse

g o il ot 0 o1 ]
S 0 1 0fj,|*|0|=|0 1 0} j,|*|0
for (= 1;) <= n; j++) { 11 ollk,| 0] [1 1 o]k [0
Out(1, i, j, All, j, i+]]); '
Out(2, i, j, Ali+1, J, i+]]); iy, | 1
} -> One solution for vector v=| j —j, [isv=|0[; thatis,i;=i,+1, j,= j,,andk,=k,
k,—k, 0
100 0
for (i=1;i<=n;i++) F=|o 1 o]l,Nullbasisvector|g
for(j=1;j<=n;j++) 110 1

for (k =1; k <=n; k++) {
Oout(1, i, J, Afi, j, I+]]); \ - k always put in inner most and consider other reuse, i, =i,+1, j, = j,

out(2, i, j, Ali+1, j, i+]);

} Selftemporal reuse gives the most benefit:
a reference with a m-dimensional null space reuses the same data O(n")times.




for (i=1;i <= n; i++)
for (j = 1; j <= n; j++)
for (k = 1; k <= n; k++) {
out(1, i, j, Afi, j, i+ );

out(2, i, j, Ali+1, j, i+j ]);

}

for (j=1;j<=n; j++)
for (k = 1; k <=n; k++)
Out(1, 1, ), AlL, j, 14 ]);
for (i=2;i<=n;i++) {
for (j = 1; ) <=n;j++)
for (k =1; k <=n; k++) {
Out(L, i, J, All, J, i+ ]);

out(2, i-1, j, Ali, j, i+j ]);

}
for (j = 1;j <= n; j++)
for (k = 1; k <= n; k++)

Oout(2, n, j, Aln+1, j, n+j 1);

Data Reuse —
Group Reuse

A[l..n, 1..n, i+];
A[2..n+1, 1..n, i+];

0
0

1

, Null basis vector

- O =
—_ = O
o O O

- k always put in inner most and consider other reuse, i, =i,+1, j,= j,

A1, 1..n, i+];
Al2..n, 1..n, i+]];
Al2..n, 1..n, i+]];
An+1, j, i+];




Data Reuse —
Self Reuse

for (i=1;i<=n;i++)
for  =1;j<=n;j++){
if (I ==j)
AL T
else
-B[I[;

Il

~__

for (i=1;i<=n;i++)
for (j =1;]<=n;j++)

If (i ==1))
AL =

for j=1;j<=n;j++)
for (iI=1;i<=n;i++)
If (i 1= )

-B[j]; :>

Self-Spatial reuse

Self-Temporal reuse



Data Reuse —
Data dependence

for (i=1;i<=n;i++)
for (j = 1; ) <=n; j++) {
if (i==)
a+=Al[i, j];
else {
b|=B[]];
c+=C[]I;
}
for (Ii=1;i<=n;i++)
for j =1;]<=n;jt++)

If (i==]) > Self-Spatial reuse
a+=A[, j P

for j=1;] <=n;j++)
for (I=1;i<=n;i++) {
If (i 1= ))
b|=B[]]; :> Self-Temporal reuse

for (j =1;)<=n;j++)

for (i=1; i <= n; i++) {
If (i 1= ) >< :> Overflow or not.

c+=C[j];



Data Reuse —
Data dependence

for(i=1;i<=n;i++) { for(j=1;]<=n;j++) {
for(j=1;)<=n;j++) { for (1=1;1<=n; i++)
if (i==})) If (i1=]) > Ignore Overflow
| C[j1+=A[j,i]; \/ i;
else { A c+=C[]];
Cli]+=A[j,i];
B[i]-=A[j}i] S for(j=1;j<=n; j++)
} for(i=1;i<=n;i++){ > | Overfl
c+=CJ[i]; If(i!=]) >< Jnore BVeron
b+=B[i]; Bli]-=Alj il

} b-=B[]];

For operators with commutativity and associativity, like + or *, it work.
But without commutativity and associativity, like — or /, it not work.
(ao_al)_aziao_(%_az)

Anyway it is far too complex for compiler.




Tiling



Data cache miss — regarding B

doi=1,
do j =
do k
C(i

enddo
enddo
enddo

N
1,N

= 1,N

,3) = C(@i,3)

+ A(i,k) * B(k,j)

Assume data cache line size is 4 words,
After B(-,)) Is read, the B(-,j+1) is in
cache too.

When N is large, the A(i,-)*B(-,j+1) will
be cache miss.

B(i,)) B(i,j+1): spatial locality.

JI+1

x
\

" Cache line size = 16 bytes
|




Tiling

do i = l,N,TLJTﬂesEe
do ii = i,min(i+T-1,N)
do j = 1,N,T
do jj = j,min(j+T-1,N)
do k = 1,N,T
do kk = k,min(k+T-1,N)
C(ii,jj) = C(ii,jj) + A(ii,kk) * B(kk,jj)
enddo
enddo
enddo
enddo
enddo
enddo




Tiling - Reduce data cache miss —
Regarding B

do 1

) )

o= =
= 2 -]

»

s T
N,

ol | I

,N,T
do ii = i,min(i+T-1,N)
do jj = j,min(j+T-1,N)
do kk = k,min(k+T-1,N)
C(ii,jj) = C(ii,jj) + A(ii,kk) * B(kk,jj)
enddo Cache hit!
enddo =7
enddo ji ji+1
enddo i
enddo
enddo




Tiling - Reduce data cache miss —
Regarding A

do i =1 N.T
a8 J = keN,T 1. al*bl
do k = 1,N,T 2. al*b2 cache hit
do ii = i,min(i+T-1,N) 3. al1*b3 hit
do jj = j,min(j+T-1,N) e
do kk = k,min(k+T-1,N) al hit T-1 times, miss 1 time
C(ii,jj) = C(ii,jj) + A(ii,kk) * B(kk,jj)
enddo
enddo
enddo
enddo > b2
enddo al
enddo




Data cache miss — Regarding A

do
do
d

b

o .
n = =

1
k
C(i,

enddo
enddo
enddo

= C(1,]j)

(1,k) * B(k,j)

1. A[1,1]*B[1,1]

2. A[LN/2+1]*B[N/2+1]
(A[1,N/2+1] push A[1,1] out)

3. A[1,1]*B[2,1] (cache miss A[1,1])

A[1,1] never hit
Miss temporal locality

12




Tiling correctness — proof

do 1 = 1,N,T

do j = 1,N,T |
4 1. al*b1 (k=1)

des I = LN, 4 ——" 2. aT1*bT1 (k=T+1)
do ii = i,min(i+T-1,N) 3. aT2*bT2 (k=2T+1)

do jj = j,min(j+T-1,N)

do kk = k,min(k+T-1,N)
C(ii,jj) = C(ii,jj) + A(ii,kk) * B(kk,jj)

enddo
enddo
— all al2
enddo i i bl
enddo al
enddo

bT1 P

bT2 »




Loop optimization
— data locality & parallel

for (i = 1; i <= 100; i++)
for (j = 1; j <= 100; j++) {
X[i,j) = X[i,3) + Y[i-1,3]; /* (s1) */
Y[i,j) = Y[i,j) + X[i,j-11; /* (s2) */

Figure 11.26: A loop nest exhibiting long chains of dependent operations

®
 n

Data dependence,
Synchronization,
cormmu/nication

Figure 11.27: Dependences of the code in Example 11.41



j =2 o

Processor (partition) mapping

::iﬁf "
. »

S;:lpl=i-j-1
S,:[pl=i—j

iy

1 2 3 4 5 6



Processor (partition) mapping

1

[ pl=i-j-1

S
S,:[pl=i—j

spi=l j=1»p=-1
5,:1=1,j=24p=-1
§;:1=2,j=22p=-1




Processor mapping —
get mapping function

for (i = 1; i <= 100; i++)
for (j = 1; j <= 100; j++) {

X0i,3] + Y[i-1,j); /* (s1) %/
Y[i,j) + X[i,j-11; /% (s2) */

n

X[i,j]
¥[i,j]

[l

Figure 11.26: A loop nest exhibiting long chains of dependent operations

r

jicurrent, j':next,j=j'—1>X[i jl=X[i" j'—1]
For all (i,7) and (i',j') such that

1<:<100 1<j <100

1<i" <100 1< 3 <100

i =1 i=j -1
[i j],[i" j'|are assigned to the same processor, otherwise need synchronization.
[C., Cu][}HCl]:[Cn sz][;,]+[cz]
[Cn CIZ][}]+[C1]:[C21 C22][j_:_1]+[cz]
(Cll_CZl)i+(C12_C22)j_C22+C1_C2:0

C,—Cyu=0
C,—C,=0
c,—¢,—C,=0

| 2

i:current,i':next,i=i'—1-Y[i jl=Y[i'—1 j']

L

[C,, czz][;HcZJ:[cn cu][;i',HcJ
[C,y CZZM;’.ch]z[cn cu][";lmcl]
<C21—C11)i—C11+(C22—C12)j—C1+C2:0

Cll_C21:0
C,—Cx,=0
Cc,—C,t C11:O




Processor mapping —
get mapping function

C,=1,C,=1,Cp,=—1,C,=—1,¢,=0,¢,=—1

silpl=(Cy Cullllle =1~ r[-1]=i-j-1
® 5 ! /
5:[p]=[Co CollJ+le]=[1 —1][]+[0)=i~j
) 5, J J
S:lpl=i-j-1
Sy:lpl=i-]

Figure 11.27: Dependences of the code in Example 11.41



Formulate — variable space &
processor mapping

For all (i, 1) and (i'. ") such that
for (i = 1; i <= 100; i++) (4,7) ( 2] )

for (j = 1; j <= 100; j++) { 1<i<100 1 <3 <100
X[i,j) = X[i,j) + Y[i-1,3]; /* (s1) =/ 1<i' <100 1< 4 <100
Y[i,j) = Y[i,3) + X[i,3-1)5 /% (s2) »/ iz_ii - ?;j' 1

} a

Figure 11.26: A loop nest exhibiting long chains of dependent operations

Foralli,€ Z% and I,€ 7% suchthat
1.B,i,+b,=0
2.B,i,+b,>0
3.F i +f,=F,i,+f,

itisthe case that C,i,+c,=C,i,+c,



Formulate — variable space &
processor mapping

For all (i, 1) and (i'. ") such that
for (i = 1; i <= 100; i++) (4,7) ( 2] )

for (j = 1; j <= 100; j++) { 1<i<100 1 <3 <100
X[i,j) = X[i,3] + Y[i-1,j]; /* (s1) */ 1<# <100 1< j <100
Y[i,3) = Y[4,3) + X[1,j-1); /* (s2) */ P _
} i =1 J=1
eg.1<i <=>[1 0][']+[-1]=0
J

Figure 11.26: A loop nest exhibiting long chains of dependent operations

Foralli,€ Z* and i,€ Z* suchthat

1.B,i,+b,=0
2.B,i,+b,>0

// 3.F i,+f,=F,iy+f, 2i=i',j=j'-1
Convex region in d-dimension = //,/ (itisthecasethatC1i1+01:C2i2+02
space. [C Cull!]+e]=[Cy CI[L J+[c,]

J J

It can be reduced to : ”
- - - »>[1 -1 +[-1]=[1 —1][", ]+[0]
integer-linear-programming R J
which use linear algebra. fmji=re)




Formulate — data dependence

for (i = 1; i <= 100; i++)
for (j = 1; j <= 100; j++) {
X[i,j] = X[i,3) + Y[i-1,j1; /* (s1) */
Y[i,j] = Y[i,j] + X[i,j-1); /% (s2) */

Figure 11.26: A loop nest exhibiting long chains of dependent operations

Foralli,€ Z* and i,€ Z"suchthat
Fij+f =F,i,+f,
I

- _[i
]},12 {J"
rasteraste =[5 EHEG HEHA
T i=ivj=j-1

Leti,=

If no solution — no data dependence - full parallel like matrix multiplication.



NP-complete problem

Foralli,€ Z" and i,€ Z" suchthat
1.B,i,+b,=0
2.B,i,+b,>0
3.F iy+f,=F,i,*f,

Search for integer solutions that satisfy a set of
linear inequalities, which is precisely the
well-known problem of integer linear programming.

Integer linear programming is an NP-complete problem.




Formulate — variable space, data
dependence & processor mapping

Foralli,€ Z" and i,€ Z"suchthat El By B Fi+f OoOD000
R 1L — o
1'B1i1+b120 El |_' t‘{-b_ll:._ - Ll E J _l L
2.B,i,+b,>0 I, OO0OWNO s O 00 "
) . \ e rra
3.F iy+f,=F,iy*f, B B EYEE] Uugapogu .
-
itisthe casethat C,i,+c,=C,i,+c, 0000 [X\ P L EREEEN E
Loops Sk W OOoo0DC
X pqpr, BDODUU
e
. 0O [{Q; L i
2 — +C
T X \\' 1 |
00008 3
M N
Giyte \:\\
Y B Bl
Processor 1D

Figure 11.25: Space-partition constraints



Formulate — variable space

Foralli,e Z% and i,€ Z% suchthat
1.B,i,+b,=0
2.B,i,+b,>0
3.F i,+f,=F,i,—f,

itisthe case that C,i,+c,=C,i,+c,

dimension

exampleof i €2 Ni,€Z% ,whered,=4,d,=2

int X[100][100][100][100];

for (i=0; i<100; i++)
for (j=0; j<100; j++)
for (k=0; k<100; k++)
for (I=0; 1<100; I++)
X[OIKI0T = XO6k+1]00-1];

for (k=0; k<100; k++)
for (1=0: 1<100: 1++)
XIKINK][+1] = X[KIKI0T;



Code generation

for (i = 1; i <= 100; i++)
for (j = 1; j <= 100; j++) {
X[i,j) = X[(i,j) + Y[i-1,3];
Y[i,j) = Y[i,j) + X[i,j-1];

fx (s1) =/
/% (s2) =/

L

Figure 11.26: A loop nest exhibiting long chains of dependent operations

v

1) for (p = -100; p <= 99; p++)

2) for (i = 1; i <= 100; i++)

3) for (j = 1; j <= 100; j++) {

4) if (p == i-j-1)

5) X[i,j] = X[4,3] + Y[i-1,3]1; /* (s1) #*/
6) if (p == i-j)

7 Y[i,j] = X[i,j-11 + Y[i,3); /% (82) =/
8) }

Figure 11.29: A simple rewriting of Fig. 11.28 that iterates over processor space

S,;:[pl=i-j-1=j=i—p—1

i—-p—1
100

LN

i—-p—1
1

g -

IA A
1A A

i=p+1+j

e,

100 +p+ 1"
100

p+2
1

IAIA
-
IA A

—100 98

IA
IA

p: p

_ (a) Bounds for statement s;.
S,:[pl=i—j=>j=i-p

d: i—=p

1

i—p
100

IA LA

i=p+j
\

IATA

100 + p
100

p+1
1

L5

IAIA
IA A

—-99 99

IA
A

p: p

(b) Bounds for statement sa.

Figure 11.31: Tighter bounds on p, i, and j for Fig. 11.29

Eliminating Empty Iterations

S~

for (p = —-100; p <= 99; p++)
for (i = max(1l,p+1); i <= min{100,101+p); i++)
for (j = max(1,i-p-1); j <= min(100,i-p); j++) {
if (p == i-j-1)
X[i,jl = X[4i,3]1 + Y[i-1,31; /= (s1) =/
if (p == i-3)
Y[0i,jl = X0i,j-1] + Y[i,jl; /* (s2) =*/
b

Figure 11.32: Code of Fig. 11.29 improved by tighter loop bounds



Code generation — Eliminating Test

® for (p = —-100; p <= 99; p++)
for (i = max(1,p+1); i <= min{100,101+p); i++)
[ I . . .
= for (j = max(1,i-p-1); j <= min(100,i-p); j++) {
if (p == i-j-1)
X[i,jl = X[i,3j1 + Y[i-1.31; /= (s1) =/
if (p == i-3)
Y[0i,jl = X[i,j-1]1 + Y[i,jl; J/* (s2) */
¥
Figure 11.32: Code of Fig. 11.29 improved by tighter loop bounds
Figure 11.27: Dependences of the code in Example 11.41 ’_‘
\
| /* space (2) */ /* space (1) =/ <£ E7
|for (p = -99; p <= 98; p++) 1{ p = -100; ~
E /* space (2a) */ i=1;
if (p »= 0) { . = 100:
i = p+l; et S L
j o= 1; X[i,3) = X[i,j] + Y[i-1,j); /% (s1) =*/
/% (82) =/

L Y[i,j] = X[i,j-11 + Y[i,jl;
3

/* space (2b) =*/
for (i = max(1,p+2); i <= min(100,100+p); i++) {
j =1-p-1;
X[i,3] = x[31,3] + v[i-1,3];
j = i-p;
Y[i,j) = X[i,j-11 + Y[i,jl;

/* (s1) */

f* (82) =/
¥
/* space (2c) =*/
if (p <= -1) {
i = 101+p;
j = 100;

X[i,j] = X[1,3] + Y[i-1,3); /* (s1) */

(a) Splitting space (2) on the value of i.

[ /% space (2) */
for (p = -99; p <= 98; p++)
for (i = max(1,p+1); i <= min(100,1014p); i++)
for (j = max(1,i-p-1); j <= min(100,i-p); j++) {

< if (p == i-j-1)
X[i,j] = X[i,3j] + ¥Y0E-1,31; /% (s1) #/
it (p == i-j)
Y[i,j]1 = X[1i,3-11 + Y[4i,3]; /* (s2) =/

\ }

/* space (3) =/

p = 99;
i = 100;
j=1;

Y[i,3] = X[3,j-1] + Y[4i,j]; /* (s2) */

Figure 11.33: Splitting the iteration space on the value of p



Code generation — Eliminating Test
from Innermost Loops

p=-99, i=max(1, -98)..min(100, 2)=1..2,

for (i = 1; i <= 100; i++)
for (j = 1;

j <= 100; j++) A

X[i,j] = X[1,3) + Y(i-1,j1; /% (s1) */

(]

Y[i,]j)

Y[i,j) + X[i,j-1); /% (s2) /

i1, j=max(1, 99)..min(100, 100)=99..100
i2, j=100..100

p=-98, i=max(1, -97)..min(100, 3)=1..3,

111, j=max(1, 98)..min(100, 99)=98..99

i:2,=99..100
[:3, j=100..100
Figure 11.26: A loop nest exhibiting long chains of dependent operations _
p=-99, i=1,
j=99 - s1, =100 - s2
p=-99, i=2,
j=100 - sl
/* (1) =/
p=-100 - 100;
N p=-99 P
I p:_98 j = 100;
100 X[i,3] = X[4,3] + v[i-1,3]; /* (s1) =*/
:/v:/v:/; ~ /* space (2) */
99 for (p = -99; p <= 98; p++)
: : : : for (i = max(1,p+1); i <= min(100,1014p); i++)
| for (j = max(1,i-p-1); j <= min(100,i-p); j++) {
.98 Ralaliad < if (p == i-j-1)
J X[1,3] = X[4,31 + Y[i-1,31; /% (s1) #/
if (p == i-j)
Y0i,j] = X[i,j-11 + Y[i,31; /* (s2) =/
}
/* space (3) =/
S, p = 99;
i = 100;
Sy i = 1;
Y[i,j) = X[i,j-1] + Y[i,j); /* (s2) */
1 2

Figure 11.33: Splitting the iteration space on the value of p



Code generation

/* space (2) =/
for (p = -99; p <= 98; p++) {
/* space (2a) */
if (p >= 0) {
i = p+1;
j=1;
Y[0i,j] = X[4,3-11 + YI[i,j]; /* (s2)
¥
/* space (2b) */
for (i = max(1,p+2); i <= min(100,100+p);

j = i-p-1;
X[i,3) = X[1,3] + Y[Ei-1,3); /* (s1)
j = i-p;

Y[i,jl = X[i,j-11 + Y[i,jl; /* (s2)
¥
/* space (2c) =*/
if (p <= -1) {

i = 101+p;

j = 100;

X[i,j1 = X[i,3] + Y[i-1,3]; /* (s1)

(a) Splitting space (2) on the value of i.

/* space (1); p =-100 */
X[1,100] = X[1,100] + Y[0,100];

/* space (2) */
for (p = -99; p <= 98; p++) {
it (p >=0)
Y[p+1,1] = X[p+1,0] + Y[p+1,1];
for (i = max(1,p+2); i <= min(100,1004p); i++) {
X[i,i-p-1] = X[i,i-p-1] + Y[i-1,i-p-1];
Y[i,i-p] = X[i,i-p-1] + Y[i,i-pl;
}
it (p <= -1)

X[101+p,100] = X[101+p,100] + Y[101+p-1,100];

}
/* space (3); p =99 */
¥[100,1] = X[100,0] + Y[100,1];

(b) Optimized code equivalent to Fig. 11.28.

Figure 11.34: Code for Example 11.48

/* (s1) */

/* (82) %/
/* (s1) */
/% (82) %/

/* (s1) */

/% (82) */



Code generation —
MPMD (Multiple Program Multiple
Data stream)

/% space (1); p = -100 */
X[1,100] = X[1,100] + Y[0,100]; /% (s1) */

/* space (2) */
for (p = -99; p <= 98; p++) {

if (p>=0)
Ylp+1,1] = X[p+1,0] + Y[p+1,1]; /* (82) */
for (i = max(1,p+2); i <= min(100,1004p); i++) {
X[i,i-p-1] = X[i,i-p-1] + Y[i-1,i-p-1]; /* (s1) */
Y(i,i-p] = X[i,i-p-1] + Y[i,i-pl; /% (82) */
}
if (p <= -1)
X[101+p,100] = X[101+p,100] + V[101+p-1,100]; /* (s1) */
}
/* space (3); p =99 */
Y[100,1) = X[100,0] + Y[100,1]; /% (82) */

(b) Optimized code equivalent to Fig. 11.28.

Figure 11.34: Code for Example 11.48

:

/I processor|[0]
[*space (1);p=-100*
X[1, 100] = X[1, 100 ] + Y[O, 100]; [* (s1) */

[* space (2)*/
for (p =-99; p <=-50; p++) {
for (i= max(1, p+2); i <= min(100 , 100+p) ; i++) {

X[i, i-p-1] = X[i, i-p-1] + Y[i-1, i-p-1] ; I* (s1) */
YIi, i-p] = X{i, i-p-1] + Y[i, i-p] : 1 (s2) */

}

if (p <= -1)

X[101+p, 100] = X[101+p, 100] + Y[101+p-1, 100]; /* (1) */

/] processor[7]
[* space (2)*/
for (p =51; p <= 99; p++) {

if (p >=0)

Y[p+1, 1] = X[p+1, 0] + Y[p+1, 1]; [* (s2) */
for (i = max(1, p+2); i <= min(100 , 100+p) ; i++) {

X[i, i-p-1] = X[i, i-p-1] + Y[i-1, i-p-1] ; * (s1) */

Y[i, i-p] = X[i, i-p-1] + Y[i, i-p] ; * (s2) */
}

}
[* space (3) ; p =99 */
Y[100, 1] = X[100, 0] + Y[100, 1];



Code generation —
SPMD

void AssignProcess() {
processor[0].assignProcess(-100, -99, -98, ...);
processor|[1l].assignProcess(-59, -58, -57, ...);

/% space (1); p = -100 */
X[1,100] = X[1,100] + ¥[0,100]; /5 (s1) #/

/* space (2) */
for (p = -99; p <= 98; p++) {

it (p >=0) }
Y[p+1,1] = X[p+1,0] + Y([p+1,1]; /% (82) =/
for (i = max(1,p+2); i <= min(100,100+p); i++) { .
X[i,i-p-1) = X[i,i-p-1] + Y[i-1,i-§—1]; /% (s1) %/ |f/(process(or[|c))ld].hasP(r)%ce/ss(-loo)) /l pld: processor Id
Y(i,i-p] = X[i,i-p-1 Yli,i-p); *Space 1 ;pz_l *
: (i,i-p] = X[i,i-p-1] + Y[i,i-p /* (s2) */ X[1, 100] = X[1, 100 ] + Y[0, 100]; /* (s1) */
lf (p <= '1) % *
X[101+p,100] = X[101+p,100] + Y[1014p-1,100]; /* (s1) */ [ I* space (2) */ - _
} for (|t;processor[pld].begln(); it 1= processor[pld].end(); it++) {
/* space (3); p=99 */ p= It
¥[100,1] = X[100,0] + Y[100,1]; /% (s2) */ if (p>=0)
Y[p+1, 1] = X[p+1, O] + Y[p+1, 1]; [* (s2) */
(b) Optimized code equivalent to Fig. 11.28. for (= max(1, p+2); i <= min(100 , 100+p) ; i++) {
X[i, i-p-1] = X[i, i-p-1] + Y[i-1, i-p-1] ; [* (s1) */
Figure 11.34: Code for Example 11.48 }Y[" -p] = X[i, -p-1] + Y[i, i-p] ; I (s2)%
if (p <= -1)
X[101+p, 100] = X[101+p, 100] + Y[101+p-1, 100]; /* (S1) */
}

If (processor[pld].hasProcess(99))
[* space (3) ; p =99 */
Y[100, 1] = X[100, 0] + Y[100, 1]; * (s2) */




Primitive affine transforms

SourceE CoODE

PARTITION |

TRANSFORMED CODE

for (di=1; i<=N; i++) for (p=1; p<=N; p++){
Y[il = Z[il; /*sl1x*/ Y[pl = Z[pl;
for '_(j=1" j<_="" J++) Fusion X[pl = Y[pl:
X031 = Y[31; /*s2%/ s ip=i }
QOO OO Q = & ip iiiii 5
Siiaild s o
£ (p=1; p<=N; p++){ for (i=1; i<=N; i++)
“whd Bty Y[l = Z[il; /*si/
X = v : Fissi for (j=1; j<=N; j++)
2 Lpl [pl] 311:521(:11} X531 = Y313 /*s2es
Qozoiin % 2 j=p QOO0 s1
] =
‘ ‘ z P.,Sz i i ‘ i i SE
if (N>=1) X[1l=Y[0];
for (i=1; i<=N; i+ { for (p=i; p<=N-1; p++){
Y[il = Z[il;  /*si*/ Y[pl=Zlp];
X[il = Y[i-11; /*s2%/ Re-indexing X[p+11=YIpl;
81:p=1t }

IR

sz:p=1i—1

if (N>=1) YIN]=Z[N];

LLEEY- o

for (i=1; i<=N; i++)
Y[2*%i] = Z[2#%*i]; /*sl=*/

for (j=1; j<=2N; j++)
X[il=v0[3l; SRks2%/

Q Qo - 1

kot % i

Scaling
& 1 p=2=%*1
(82 : p=17)

for (p=1; p<=2*N; p++){

if (p mod 2 = 0)
Ylpl = Z[pl;
Xlpl = Y[pl;

}

slulol o




Primitive affine transforms

SovrcE CODE PARTITION TRANSFORMED CODE

for (i=0; i>=N; i++)

YMN-i] = Z[i]; FEI-SE VY f0§[;§)=f;zp[;igj; -P++) {
for (j=0; j<=N; j++) : Pl 3
X[3] = Y[31;  /*s2%/ Reversal XCpl = Y[pl;

& :p=N—1
OO0 5

. J ’
N TS T

for (p=0; p<=M; p++)
for (g=1; g<=N; i++)

for (i=1;:; i<=N; i++)
for (j=0; j<=M; j++)

z[i,jl = Permutation Zig.pl =izlg-1,p)
Z[i-1,3]; ) OO
= » _ o 1 e
ko i q 1 0] |3
l i O—=O
oXe) O—=0O
for (i=1; i<=N+M-1; i++)
for (j=max(1l,i+N); for (p=1; p<=N; p++)
This example J<=min(i,M); j++) Skewing for (gq=1; q<=M; q++)
is error Z2[i,3] = Zlp.q-pl =
Z[i-l,j—lj; pl _ 1 —11 Ti ZEP_I?q_p_lj
gl |0 1 |J

Q/'C L [0 O—=0O
g;ﬁ H o=

Figure 11.36: Primitive affine transforms (II)



Synchronization Between Parallel
LoopsS

Example 11.50: Consider the following loop: ,/"\
N Y~
for (i=1; i<=n; i++) { A "\4)
X[i] = Y[i] + Z[i]; /* (s81) */
WIA[i]] = X[i]): /% (s2) =/ Figure 11.40: Program-dependence graph for the program of Example 11.50
}

< —
~ -
~_

Xlpl = Y[pl + Z[pl; /* (s1) */
/* synchronization barrier */
if (p == 0)

for (i=1; i<=n; i++)

WLALi1] = X[il; /= (s2) =/

Figure 11.39: SPMD code for the loop in Example 11.50, with p being a variable
holding the processor ID



Synchronization Between Parallel

for (1-=0; 1 < n; i++) {
Zz[1] = Zz[1] / w[il: J*
for {(j =1; j < n; j+) {
X[i,j] = Y[i,j]1*Y[4i,3]; /=
Z0il = Z[3] + X[i,j]; /*
}

(a) A program.

(s1) =/

(82) »/
(83) =/

)

e

(b) Its dependence graph.

LoopsS

for (i = 0; i < m; i++)
for (j = 1i; j < m; j++)
X0i,3) = YO, 31#Y[4, 3] /> (s2) */
4f\\ for (i = 0; i < n; i++) {
)/ Z[i] = z[i] / WIil; /% (s1) */
for (j = i; j < n; j++)
Z2[3) = z[3] + X[4i,3]; /* (83) */

Figure 11.42: Grouping strongly connected components of a loop nest

Figure 11.41: Program and dependence graph for Example 11.52.



Synchronization Between Parallel
LoopsS

for (1 = 1; i < n; i++) LOOpi _
for (j = 0; j < m; j++) Loop | parallel
X[i,j] = £(X[1i,3] + X[i-1,31); barrier

for (1 = 0; i < n; i++)
for (j = 1; j < m; j++) )
X[i,j] = g(X[i,3] + X[i,3-11); Loop i parallel

Figure 11.38: Two sequential loop nests

No cache locality for X:row-major.
The n barrier cost over 1 statement process.




Synchronization Between Parallel
LoopsS

for (i = 1; i < n; i++) for (i:O;i<n; i++)

for (j = 0; j < m; j++) :> for (j=0;)<n;j++)
X[i,3] = £(X[1,3] + X[i-1,31); X"[j,il=f(X"[j,i]+X"[j,i—1]);

for (i = 0; i < n; i++)

for (j = 1; j < m; j++)
X[i,j] = g(X[i,3] + X[1,3-11);
for(j =0;]<n;j++)
Figure 11.38: Two sequential loop nests for (i=0;i<n;i++)

X', il=f(X"[j,i]+X"[j,i—1]);

1 barrier as well as cache locality.
Cost with transpose X.




Pipelining

Example 11.55: Consider the loop:

for (i = 1; i <= m; i++)

for (j

= 1; J <= 1; j++)
X[i] = X[i] + Y[i,jl;

S —

P1: X[1]+=Y[1,1], X[1]+=Y[L,2], X[1]+=Y[1,3]
P2: X[2]+=Y[2,1], X[2]+=Y[2,2], X[2]+=Y[2,3]

Time Processors
1 2 3

T [ X[+=Y[L]

2 | XR+=Y[R1) | X[1]+=Y[12)

3| X[B+=Y[3,1] | X[2+=Y[22] | X[1)+=Y]1,3]
4 | X[j+=Y[4,1] | X[3]+=Y[3,2] | X[2]+=Y[2.3]
5 X[4+=Y[4,2] | X[3]+=Y[3.3
6 X[4]+=Y[4,3]

Figure 11.49: Pipelined execution of Example 11.55 with m =4 and n = 3.




Pipelining

Example 11.55: Consider the loop:

for (1 = 1; 1 <= m; i+4) P1: X[1]+=Y[1,1], X[1]+=Y[1,2], X[1]+=Y[1,3]
for (=13 3 <= m g0 P2: X[2]+=Y[2,1], X[2]+=Y[2,2], X[2]+=Y[2,3]
il = 1] + 1,]4;

Time | Processors |
1 2 3
1 | X[A]+=Y[L,]]
g EE}H?{%H gllé{ﬁﬂﬁ{ 1YL When Y is stored in column-major
X[3]+=Y[3,1] | X[2]+=Y[22] | X[1]+=YT1, . T

4| XU4=Y[41] | X[Bl+=Y[32] | X[2]4-V[23 locality in the same processor.
5 X[4]4+=Y[4,2] | X[3]+=Y[3,3]

6 X[4]+=Y[4,3]

Figure 11.49: Pipelined execution of Example 11.55 with m =4 and n = 3.



Beside treat processors as the core of CPU,
It can be function unit in CPU.



3 Pipeline — superscaler

for(i=1;i<=m; i++)
for(j=1;j<=3;j++){
X[ =X[+Y[i,j];

X[ = X[ *Y[i,];

X[ =X[]-Y[,j];

for(i=1;i<=3;i++)
X[=X[I1+Y][i,1];
for(i=4;i<=6;i+t)
X[=X[I1+Y][i,1];
for(i=1;i<=3;i++)
X[=X[1*Y[i,2];
for(i=7;i<=m;i++){
for (J=3;)<=n;j++){
X[ =X +Y[i,j-2];

}

X[i-1] = X[i-1] * Y [i-1 , j-11 ;

X[i-2] = X[i-2] - Y [i2 , ] ]
}

Time

1

pipeline

2

o a0~ B~ PP O W WDNDNMNMNDNPPRPPRE

X[1]+=Y[1,1]
X[2]+=Y[2,1] - S
X[3]+=Y[3,1]

X[4]+=Y[4,1]
X[5]+=Y[5,1]
X[6]+=Y[6,1]
X[7]+=Y[7,1]
X[8]+=Y[8,1]

™

J

IMD instruction

X[1]*=Y[1,2]
X[2]*=Y[2,2]
X[3]*=Y([3,2]
X[4]*=Y[4,2]
X[5]*=Y[5,2]
X[6]*=Y[6,2]
X[7]*=Y[7,2]
X[8]*=Y[8,2]

X[1]-=Y[1,3]
X[2]-=Y[2,3]
X[3]-=Y[3,3]
X[4]-=Y[4,3]
X[5]-=Y[5,3]
X[6]-=Y[6,3]
X[7]-=Y[7,3]
X[8]-=Y[8,3]



Pipelining

for (1 = 0; i <= m; i++)
for (j = 0; j <= n; j++)
X[j+11 = 1/3 * (X[j]1 + X[j+11 + X[j+21)

(a) Original source.

AVAVAVAVANANAN
AR AN
SRR A ANAN

(b) Data dependences in the code.

Figure 11.50: An example of successive over-relaxation (SOR)

for (i = 0; i <= m; i++)

)

for (j = i; j <= i+m; j++)

X[j=-i+1] = 1/3 * (X[j-i] + X[j-i+1] + X[j-i+2])

(a) The code in Fig. 11.50 transformed by [ - }

1 1

A %
AV Yt VY VeV g
W Vs W e Y W

(b) Data dependences of the code in (a).

i A




Pipelining

Linear, Ring above (mesh, cube)
connected processors.

for (1 = 0; i <= m; i++)
for (j = 0; j <= n; j++)
X[j+11 = 1/3 * (X[j]1 + X[j+11 + X[j+21)

(a) Original source.

AVAVAVAVANANAN
AR AN
SRR A ANAN

(b) Data dependences in the code.

Figure 11.50: An example of successive over-relaxation (SOR)

for (i = 0; i <= m; i++)

)

for (j = i; j <= i+m; j++)

XLj-i+1] = 1/3 » (X[j-1] + XL[j-i+1] + X[j-1+2])

1 0
1 1

(a) The code in Fig. 11.50 transformed by [

i A

ﬁﬂﬁﬂﬂﬁ'
i YV e Y Y

(b) Data dependences of the code in (a).

I




Pipelining - synchronize

f*¥ 0 <=p <=m */

for (j = p; j <= p*n; j++) {
if (p > 0) wait (p-1);
X[j-p+1] = 1/3 * (X[j-p] + X[j-p+1] + X[j-p+2]);
if (p < min (m,j)) signal (p+1);

}

(a) Processors assigned to rows.



Pipelining — linear connection —

verify

if (p > 0) wait (p-1) ;
X[J-p+1] = /3 * (X[ J-p]+ X[ J]-p+1]+X[ ]-p+2]);
if (p <min(m, j)) signal(p+1) ;

p=0; i=0; j=1,

if (p > 0) wait (p-1) ;

X[1-0+1] = 1/3 * (X[1-0]+X[1-0+1]+X[1-0+2]);
if (p <min(m, j)) signal(p+1) ;

p=1; i=1; j=1;

if (p > 0) wait (p-1) ;

X[1-1+1] = 1/3 * (X[1-1]+X[1-1+1]+X[1-1+2]);
if (p <min(m, j)) signal(p+1) ;

for(i=0;i<=m; i++)
for(j=1;j<=1+n;]++)
X[ j-i+1] = 1/3 * (X[ j-i] + X[ j-i+1] + X[ j-i+2]);

(I, J):
(0,0)
X[1] = 1/3 * (X[O]+X[1]+X[2]);
0,1)
X[2] = 1/3 * (X[L]+X[2]+X[3]);
0,2)
X[3] = 1/3 * (X[2]+X[3]+X[4]);

(1,1)
X[1] = 1/3 * (X[0]+X[1]+X[2]);



Pipelining

for (i = 0; i <= m; i++)
for (j = i; j <= i+n; j++)
X[j-i+1] = 1/3 * (X[j-1i] + X[j-i+1] + X[j-i+2])

() The code in Fig. 11.50 transformed by [ i ':1] }

i A

for j = 0; ] <= m+n; i++)
for (i = max(0,j-n); i <= min(m,j); j++)
X[j-1+1] = 1/3 * (X[j-i] + X[j-i+1] + X[j-i+2];

. A
J

A %
AV Yt VY VeV g
i YV e Y Y

(b) Data dependences of the code in (a).

l

(d) Data dependences of the code in (b).



Pipelining formulate — variable
space, data dependence & time
steps mapping

C there exists a data-dependent pair of instances, i,of s,andi,ofs,, andi, is executed beforei,in the original program.

=
e For all i; in Z% and i, in Z9 such that uodu _D Fi+f, LB L

. . e[ B B O O
3—'} 1] <518, 12, i o« i S N T ——— -_T__,_j"El T
b) Biii + b 20, I . :I g _J_ & = e Array
¢) Baiz + by > 0, and gogoo == U BILEUIU
d) Fiiy +§ = Faip + £, L oob il ARk B
it is the case that C,i; + ¢; < Caolg + cs. :: ?“g L - Ei+f, 5 H L

'C]i!+ft:J

Giy+ ¢
O &1 O

Time steps

Figure 11.54: Time-Partition Constraints



Pipelining — time steps mapping

for (i = 0; 1 <= m; i++)
for (j = 0; j <= m; j++)
X[j+1] = 1/3 * (X[j] + X[j+1] + X[j+2])

(i j)=gs (it 2 j)=<Gi' j') (a) Original source.

consider all processors have the same time steps mapping function
€, ClliMel=le, Gl J+le]
if there is a dependence from (i, j) to (i',j'). By definition, (i j)<(i' j') is, either i<i' or (i=i'Aj<j')

1 . True dependence from write access X[ j + 1] to read access X[ | + 2]. eg. X[1+1](i=0,j=1), X[0+2](i'=1,j'=0).
JHl=j"+2>j=j"+1
C,(i'—i)—C,=0
C,—C,>0(sincej>j'»>i<i')

2. Antidependence from read access X[ | + 2] to write access X[ ) + 1] . eg. X[0+2](i=1,j=0), X[1+1](i'=1,}'=1).
jH2=j'+1>j=j'—1
C,(i'—i)+C,>0
C,>0(wheni=i")
C,>0(since C,>0,wheni<i')
3. Output dependence from write access X[ j + 1] back to itself. eg. X[0+1](i=1,j=0), X[1+0](i'=2,j'=0).
J=J'
C.(i'—i)=0
C,>0(sincei<i’)

The rest of the dependences do not yield any new constraints.

Conclusion:
Clzo,CZZO,Cl—CZZO-)[l O],[l 1]



Pipelining — Code generation

N NN N for (i = 0; 1 <= m; i++)
NN N for (j = 0; j <= m; j++)
- X[j+1] = 1/3 * (X[j] + X[j+1] + X[j+2])
] (a) Original source.

4

~_

ju C, Cyj 11 ] for (iI'=0; I' <= m; I'++)
N i for (=) <= 1N, 4
=L :%v X[ J-i+1] = 1/3 * (X[ -1 + X[ j-i+1] + X[ j-i+2];
>j=j—i

for (i = 0; i <= m; i++)
for (j = 1i; j <= i+n; j++)
X[§-i+1] = 1/3 * (X[§-i] + X[§-i+1] + X[j-i+2])

(a) The code in Fig. 11.50 transformed by [ i ? }



e

j [

for

Pipelining — Code generation

Ci Coqpip_l 1y
c. sz][j]_[l 0][}.]

S>j=i'—i=i'—j'

»>i'=[1 1][1]:i+j,j':'\

-)Ostn,Osi'—jB\

(i=0; i<=m i+
for (j = 0; j <= n; j++)

X[j+1] = 1/3 » (X[j] + X[j+1] + X[j+2])

r@'=0;i"<=m+n; i'++)
for (= 0; j <= m; j++) {

if (' >= 0)&&(i"-j' <=n))

\/ X[i'-j'+1] = 1/3 * (X[i"-j'] + X[i'-j'+1] + X[i"-j'+2];
(a) Original source, }
0<j'<sm
0<i'—j'sn>—i'<+j'<n—i'»i'-n<j'<i’
for (j = 0; j <= m+n; j++) v
for (i = max(0, j-n); i <= min(m, j); i++) i'ejli'ei  for (i' = 0; i' <= m+n; i++)

m=3,n=6

j:o .
=1 -
=2 -
=3 -
=4 -
=5 -
=6 —
=7 -
=8 -
=0 -

X[ j-i+1] = 1/3 * (X[ j-i] + X[ j-i+1] + X[ j-i+2];

J

i=0

i=0,1
i=0,1,2
1=0,1,2,3
i=0,1,2,3
1=0,1,2,3
i=0,1,2,3
1=1,2,3
i=2,3

=3

@

for (j' = max(0,i'-n); j <= min(m,i"); j'++)
X[i'-j'+1] = 1/3 * (X[i"-}] + X[i'-j'+1] + X[i'-]'+2];




Pipelining — time steps mapping —
function unit

for (i = 0; 1 <= m; i++)
for (j = 0; j <= m; j++)
X[j+1] = 1/3 = (X[j] + X[j+1] + X[j+21)

(i j)=gs (it )2 j)=<(i' j') (a) Original source.

consider all processors have the same time steps mapping function

true and output dependence| C, Cz][i.]+[c]<[C1 CZ][i.i]+[c] antidependence| C, CZ][i’]+[c]g[C] Cz][i_"]+[c]
/ J

if there is a dependence from (i, j) to (i',j'). By definition, (i j)<(i' j') is, either i<i' or (i=i'A j<j')

1. True dependence from write access X[ j + 1] to read access X[ j + 2]. eg. X[1+1](i=0,j=1), X[0+2](i'=1,j'=0).
JHl=j'+2>j=j"+1
C,(i'—i)—C,>0
C,—C,>0(since j>j'>i<i')

2. Antidependence from read access X[ | + 2] to write access X[ j + 1] . eg. X[0+2](i=1,j=0), X[1+1](i'=1,'=1).
jH2=j'+1>j=j'"—1
C,(i'—i)+ C,>0
C,>0(wheni=i")
C,>0(sinceC,>0,wheni<i')

3. Output dependence from write access X[ j + 1] back to itself. eg. X[0+1](i=1,j=0), X[1+0](i'=2,j'=0).
Jj=J'
C,(i'—i)>0
C,>0(sincei<i")



Pipelining — time steps mapping —
function unit

for (i = 0; 1 <= m; i++)
for (j = 0; j <= m; j++)
X[j+1] = 1/3 * (X[j] + X[j+1] + X[j+2])

(i j)=gs (it 2 j)=<Gi' j') (a) Original source.

consider all processors have the same time steps mapping function

true and output dependence[C, C,][']+[c]<[C, CZ][I.V,]+[C] antidependence[C, C,][']+[c]<[C, Cz][l.',]"'[C]
J J j j

if there is a dependence from (i, j) to (i',j'). By definition, (i j)<(i' j') is, either i<i' or (i=i'Aj<j')

4 . True dependence from write access X[ | + 1] to read access X[ j + 1]. eg. X[1+1](i=0,j=1), X[0+2](i'=1,j'=1).
jrl=j'+ 1> j=j’
C,(i'=i)>0
C,> 0(since j=j'»i<i’)

5. Antidependence from read access X[ j + 1] to write access X[ j + 1] . eg. X[0+2](i=1,j=1), X[1+1](i'=1,)'=1).
jr1=j'+1>j=j'
C,(i'—i)=0
C,>0(wheni<i')

6 . True dependence from write access X[ j + 1] to read access X[ j ]. eg. X[1+1](i=0,j=1), X[0+2](i'=0,j'=2).
jrl=j'»j=j'-1
C,(i'=i)+C,>0
C,>0(wheni=i")

7. Antidependence from read access X[ j ] to write access X[ j + 1] . eg. X[0+2](i=0,j=1), X[1+1](i'=1,j'=0).
j=j'+1
C,(i'—=i)—C,>0
C,—C,>0(sincei<i")



Pipelining — time steps mapping —
function unit

~ Conclusion:
C,>0,C,>0,C,—C,>0-[2 1],[3 2]
Two solution meaning can pipelining, we take:
|1 0] (keep i as outmost for function unit number), [2 1] (j as time steps mapping function)

< The other Conclusion:
C,>0,C,>0,C,—C,>0-[2 1],[4 3]
Two solution meaning can pipelining, we take:

2i+j=i'=[1 0] [i ,'] (keep i as outmost for function unit number)
J

4i+3j=2i'+j=[2 1][' ]
j



Pipelining — Code generation —
function unit

for (i = 0; 1 <= m; i++)
i\ e N for (j = 0; j <= mn; j++)
X[j+1] = 1/3 = (X[j] + X[j+1] + X[j+2])

.Y
\J
)

P

'
Y
Y

Y
X

i |

(a) Original source.

4

i"12(Cu Cupifl Oy o
[;"]:[Cﬂ sz][;]_[z /1/]/[;]///////’ for (iI'=0; 1' <= m; i'++)

—>i':7jj/'§/21+j e for (=24 ) <= 2%'+n; J'+4)

/ X[ j-2%+1] = 1/3 * (X[ j-2*1'] + X[ j-2*i'+1] + X[ j-2*'+2];
>j=j'—2i

for (Ii=0;i<=m;i++)
for (j = 2*1'; | <= 2*i+n; j++)
X[ j-2*i+1] = 1/3 * (X[ j-2*i] + X[ J-2*i+1] + X[ j-2*i+2];



Pipelining — function unit — verify

for 1=0;i<=m; i++)
for (j = 2*1'; | <= 2*i+n; j++)
X[ J-2*i+1] = 1/3 * (X[ j-2*i] + X[ j-2*i+1] + X[ J-2*i+2];

(i, ):
(0,0)
X[1] = 1/3 * (X[O]+X[1]+X][2]);
(0,1)
X[2] = 1/3 * (X[1]+X[2]+X[3]);
(0,2)
X[3] = 1/3 * (X[2]+X[3]+X[4)]);
(0,3)
X[4] = 1/3 * (X[3]+X[4]+X[5]);
(1,2)
X[1] = 1/3 * (X[O]+X[1]+X[2]);
(1,3)
X[2] = 1/3 * (X[1]+X[2]+X[3]);
(1,4)

X[3] = 1/3 * (X[2]+X[3]+X[4]);

(2,4)
X[1] = 1/3 * (X[0]+X[1]+X[2]):



Pipelining — time steps mapping —
function unit — 2

for 1=0;i<=m; i++)
for (j=0;] <=n; j++)
X[ ] =13 * (X[j] + X[ j+1] + X[ j+2];

(i )= i j)=2li )< j')

consider all processors have the same time steps mapping function

true and output dependence|C, Cz][i,]+[c]<[C1 CZ][I:VV]+[C] antidependence|C, C2][i.]+[c]s[C1 CZ][i."]+[c]
if there is a dependence from (i, j) toj(i',j'). By definitjion, (i j)=<(i" j')is,eitheri<i' or (i=i'Aj<j')

1 . True dependence from write access X][ j ] to read access X[ j + 2]. eg. X[2](i=0,j=2), X[0+2](i'=1,)'=0).
j=j'+2
C,(i'—i)—2C,>0
C,—2C,>0(since j>j'»i<i')

2. Antidependence from read access X[ | + 2] to write access X[ ] . eg. X[0+2](i=1,j=0), X[2](i'=1,)'=2).
jH2=j'>j=j'-2
C,(i'—i)+2C,>0
2C,>0(wheni=i")
C,>0(since C,>0,wheni<i')
3. Output dependence from write access X[ j ] back to itself. eg. X[0](i=1,j=0), X[0](i'=2,j'=0).
J=J'
C.(i'=i)>0
C,>0(sincei<i")



Pipelining — time steps mapping —
function unit — 2

for 1=0;i<=m; i++)
for (j=0;] <=n; j++)
X[ ] =13 * (X[j] + X[ j+1] + X[ j+2];

(i j)=<go i jr)=2 )< j')

consider all processors have the same time steps mapping function
true and output dependence[C, C,]["]+[c]<[C, CZ][I."]+[C] antidependence[C, C,][']+[c]<[C, Cz][l."]+[c]
J J J J

if there is a dependence from (i, j) to (i',j'). By definition, (i j)<(i' j') is, either i<i' or (i=i'Aj<j')

4 . True dependence from write access X[ j] to read access X[ j + 1]. eg. X[1+1](i=0,j=2), X[0+2](I'=1,j'=1).
j=j'+1
C,(i'—i)—C,>0
C,—C,>0(since j>j'»i<i',leti=i'—1)

5. Antidependence from read access X[ j + 1 ] to write access X[ ] . eg. X[0+2](i=1,j=1), X[1+1](i'=1,]'=2).
j+1=j"
C,(i'—i)+C,>0
C,>0(wheni=i'),C,>0(since C,>0,wheni<i’)

6 . True dependence from write access X[ j ] to read access X[ j ]. eg. X[1+1](i=0,j=1), X[0+2](i'=0,j'=2).
=i’
C,(i'—i)>0
C,>0(wheni=i'—1)

7. Antidependence from read access X] j ] to write access X[ ] . eg. X[0+2](i=0,j=1), X[1+1](i'=1,)'=1).
Jj=i’
C,(i'=i)=0
C,>0(wheni<i')



Pipelining — time steps mapping —
function unit — 2

Conclusion:
C,>0,2C,>0,C,—C,>0,C,—2C,>0~>[1 0],[3 1]



Pipelining — Code generation —
function unit — 2

for (i=0; 1 <=m; i++)
for (j=0;j<=n;j++)
X1 =2/3* (X[J] + X[ j+1] + X[ j+2];

4

[i']_ Cn ClZ][i]_[l 0][i] . . . o
i"le, ¢t 3 1ty % for (' =0;i'<=m;i'++)
. e for (' =3 | <= 3*'+n; j'++)

e X[[-34 = 13 * (X[ 34 + X[ j-3*+1] + X[ j-3%+2];

i'%i,j'ej

for (Ii=0;i<=m;i++)
for (j = 3*1'; ] <= 3*i+n; j++)
X[ j-3*i] = 1/3 * (X[ j-3*i] + X[ j-3*i+1] + X[ J-3*i+2];

S>i'=1,] '=3i+]

>j=j' -3



Pipelining — function unit — 2 — verify

for (Ii=0;i<=m;i++)
for (j = 3*1'; ] <= 3*i+n; j++)
X[ J-3*1] = 1/3 * (X[ j-3*i] + X[ j-3*i+1] + X[ j-3*i+2];

(I, J):
(0,0)
X[0] = 1/3 * (X[O]+X[1]+X[2]);
0.1)
X[1] = 1/3 * (X[1]+X[2]+X[3]);
0.2)
X[2] = 1/3 * (X[2]+X[3]+X[4]);
0.3)
X[3] = 1/3 * (X[3]+X[4]+X[5]);

(1.3)
X[0] = 1/3 * (X[O]+X[1]+X[2]);
(1.4)
X[1] = 1/3 * (X[1]+X[2]+X[3]);
(1,5)
X[2] = 1/3 * (X[2]+X[3]+X[4]);
(1,6)
X[3] = 1/3 * (X[3]+X[4]+X[5]);

(2,6)
X[1] = 1/3 * (X[O]+X[1]+X[2]);



Pipelining — no time steps mapping

A
for (i = 0; i < 100; i++) {
for (j = 0; j < 100; j++)
X[i] = X[3] + Y[4i,3]; /* (s1) */
Z[i] = X[A[i1]; /% (s2) */
}

Figure 11.53: A sequential outer loop (a) and its PDG (b)



Pipelining — no time steps mapping

for (i = 0; i < 100; i++) {
for (j = 0; j < 100; j++)
X[3i] = X[3] + Y[4i,3]; /* (s1) =/
Z[1] = X[A[i]]; /* (82) */
}

1. True dependence from write access X[ ] to read access X[A[i]]
[C, Clz][l.]+C1SC21i'+C2
J

V >C,i+c,<C,i'+c, 1<=1)
2 Anti-dependence from read access X[A[i]] to write access X[ ]

| C21i+C2S|:C11 ClZ][; ]+C1

2 C,i+C,, j+c,<C,,i'+c, (Since j can be arbitrarily large, independent of i and i', it must be thatC,,=0) \\

\ . . ., .
| PGy i+ =Cpyi'+Cy +C1(1<1 )

|
\// > Cy, i+c,<C,,i"+c,(i<i')(since C,must be 0 according 1) /

{f“\\According 1and?2

A C, i+c,<C,i'+c, (i<=1) > (leti'=i+1) (C,—C,,)i+Cy+c,—c,>0...(A) P
Cyi+c,<Cyi'+cy(i<i’) > (leti'=i+1) (C,,—C,,)i+C,;+c,—c,>0...(B) -
for all i satisfy (A) and (B)implies -

»>C,=Cy=1 o
andC,=- 04— —

Conclusion, only one independent solution for [C,; C,,]=no time steps mapping
s;:[C, Clz][i.]Z[l 0][i‘]->originalcodeorder
J J



Blocked (Tiling) in k-dimensions

o |f there exist k independent solutions to the
time-partition constraints of a loop nest, then it

IS possible has k-deep, fully permutable loop
nest.

* A k-deep, fully permutable loop nest can be
blocked in k-dimensions.



Blocked (Tiling) in 2-dimensions

for (i=0; i<n; i++)
for (j=1; j<n; j++) {
<5>
}

(a) A simple loop nest.
for (ii = 0; ii<nm; i+=b)
for (jj = 0; ji<n; jj+=b)
for (i = ii*b; i1 <= min(ii*b-1, n); i++)
for (j = ii*b; j <= min(jj*b-1, n); j++) {
<8

}

(b) A blocked version of this loop nest.

Figure 11.55: A 2-dimensional loop nest and its blocked version

(a) Before. (b) After.

Figure 11.56: Execution order before and after blocking a 2-deep loop nest.



Blocked (Tiling) In 2-dimensions

for (i = 0; i <= m; i++)
for (j = i; j <= i+n; j++)
X[j-i+1] = 1/3 * (X[j-1i] + X[j-i+1] + X[j-i+2])

(a) The code in Fig. 11.50 transformed by [ ; ? }

i A

P ;
A

(b) Data dependences of the code in (a).

v/

for j = 0; ] <= m+n; i++)
for (i = max(0,j-n); i <= min(m,j); j++)
X[j-1+1] = 1/3 * (X[j-i] + X[j-i+1] + X[j-i+2];

. A
J

v/

l

(d) Data dependences of the code in (b).



Blocked (Tiling) cannot in 2-

dimensions

for (i = 0; i < 100; i++) {
for (j = 0; j < 100; j++)
X[j] = X[j] + Y(i,31; /* (s1) #/

Z[1] = X[A[i]]; /% (82) */
}

(a)

N

Y~ 5

{5, | -

S

(b)

Figure 11.53: A sequential outer loop (a) and its PDG (b)




Other uses of affine transforms

 Distributed memory machines

* Multi-instruction-issue processors
- Suppose 4-issues with 2 adders

int n=1000; int n=1000;
int m=100; int m=100;
for(i=0;i<=n;i++) for(j=0;j<=n;j++)
for (j=0;]j<=n;j++) N for(i=0;i<=m;i++){
X[i]=X[i]+Y[],i]; | to inner 1i=1*10;
v X[ii] = X[ii] + Y[j,ii];
for(i=0;i<=m;i++) X[ii+1] = X[ii+1] + Y[, ii+1];
for (j=0;]<=n;j++) o
Wil =WI[i]*Z[j,i]; X[ii_+9] = )_([ii+9]_+_Y[J L i+9 ] ;
}wm = Wil * Z[],i1;

1. Spatial locality.
2. Try to make all functional units busy.




Other uses of affine transforms

« Multi-instruction-issue processors

- Usage balance

int n=1000; int n=1000;
for (i=0;i<=n;i++) for (i=0;i<=n;i++)
for(j=0;]<=n;j++) for(j=0;j<=n;j++) {

X[i] = X[i] + Y[}, i]; # memory bound (since cache miss) X[i] = X[i]] + Y[j,i];/ stal
_ _ _ WIil=WI[i]/ Z[i,]]; /I balance stall
for(i=0;i<=n;i++) }
for (j=0;]<=n;j++)
WIi] =WIi]/ Z[1,]]; / compute bound



Other uses of affine transforms

e Vector and SIMD instructions

- Vector:

« Elements fetched serial and compute parallel
« Scatter/gather for not contiguous elements in advanced machine

- SIMD:

» Elements fetched parallel, store them in wide registers, and
compute parallel

« 256-byte SIMD operands 256-byte alignment
* Prefetching

- Issue llvm prefetch IR at best time in polly for marvell cpu.



Software pipeline

* |f it Is static schedule machine, then do
software pipeline after the pipelining of
Polyhedral.

- Software pipeline will compact instructions cycles
via RT table as chapter 10 of DragonBook.



control

Figure 2.3. A typical SI1 MD architecture (a) and a typical MI MD
architecture (b).

PE: Processing Element 1

— PE
PE Z | o - -
: ) | control unit -
; ; URTARVEE U, =
S . =
4 PE b Q PE 0
B ety = - =
Z ' . Z
e s control unit [_.Z_
Global SE L | |
= =
control > 2
Lnit E : &
PE =z
—— S | + g
PE = control unit )
gl = T o

B ) " PE

]E o | + |
control unit

(a) (b}



Interconnection Networks

MIMD can be created by use
Market CPUs + Interconnection Networks



static v.s. dynamic

Figure 2.6. Classification of interconnection networks: (a) a static
network; and (b) a dynamic network.

Static network Indirect network
I P I I
P P P P
_I
Network interface/switch / ﬁwiwhmg clement

Processing node



Dynamic Interconnection Network —
Bus

Figure 2.7. Bus-based interconnects (a) with no local caches;
(b) with local memory/ caches.

=
=
Address =
| o
I =
I =
ol
Data =
|
! A
Processor () Processor |
a)
-y
&
Address =
=
| =
: =
I =
o
Data 5
-
| 77
Cache / Cache /
Local Memory Local Memory

Processor () Processor |

(b)



Dynamic Interconnection Network —

Processor ‘ | Processor ‘ ‘ Processor

Pmcesmr—’

First=level | First-level First—level Firsi-level
Cache i Cache Cache Cache
1 | 1N
Second-level Secﬁnd—level Second-level Second-level
Cache Cache Cache Cache
| ] ]
| Bus ‘
|.
‘ Memory [

Figure 11.1: The symmetric multi-processor architecture

Bus

Processor
First—level
Cache

First-level
Cache

Processor l Processor \7 Processor

. [

| First— Jewﬁ]
Cache

Flrsl— level
Cache

Second-level
Cache

Second-level
Cache

Memory

Second-level |
Cache

Second-level
Cache

Memory

Memory

Memory

Bus or other Interconnect

Figure 11.2: Distributed memory machines



Dynamic Interconnection Network —
Crossbar

Figure 2.8. A completely non-blocking crosshar network connecting p
processors to b memory banks.

Memory Banks

() 2 3 4 ] b=1

A switching
element

g Elements

Processin



Dynamic Interconnection Network —
Multistage

Processors Multistage interconnection network Memory banks

i

— |y |



Static Interconnection Network —
complete, star

Figure 2.14. (a) A completely-connected network of eight nodes; (b) a
star connected network of nine nodes.



Static Interconnection Network —
ring, mesh

Figure 2.15. Linear arrays: (a) with no wraparound links; (b) with
wraparound link.

C )

Figure 2.16. Two and three dimensional meshes: (a) 2-D mesh with no
wraparound; (b) 2-D mesh with wraparound link (2-D torus); and (c)
a 3-D mesh with no wraparound.

| | I | F - EE S

_ _ [ D / / P
| / / .«'|
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C ) |f / E,
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Static Interconnection Network —
cube

Figure 2.17. Construction of hypercubes from hypercubes of lower
dimension.

(0] 100

0 \ a0 ]||. \ L] oo

101 ()]

A (L] o
1 . on f .

0-D hypercube 1-I hypercube 2-D hypercube 3-D hypercube
0100 L. 1190 1o
P / . / / ””I_./
[
0101 o Lo TIT
Oy / [EA]§ / - / /
(Lh ] 1

4-D hypercube



Tree

Figure 2.18. Complete binary tree networks: (a) a static tree network;
and (b) a dynamic tree network.

Processing nodes

Switching nodes

(a) (b

Figure 2.19. A fat tree network of 16 processing nodes.



Parallel Model Reference

http://www.top500.org/lists/2013/11/#.U3G8zUIl_W5k
http://www.top500.org/system/177975#.U3CTeEl W5k
http://www.cray.com/Products/Computing/XE/Technology.aspx
http://en.wikipedia.org/wiki/NCUBE


http://www.top500.org/lists/2013/11/#.U3G8zUl_W5k
http://www.top500.org/system/177975#.U3CTeEl_W5k
http://www.cray.com/Products/Computing/XE/Technology.aspx
http://en.wikipedia.org/wiki/NCUBE

Reference

 Chapter 11 of Compilers principles, techniques, &
tools 2nd edition

* Chapter 2 of Introduction to Parallel

Computing, by Ananth Grama, Anshul Gupta, George
Karypis, Vipin Kumar
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